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Abstract-A theoretical analysis for the combined laminar free and forced convection heat transfer to 
non-Newtonian fluids in external flows is presented. The parameter controlling the free and forced con- 
vection is found to be No,,/N$?, where n is the flow behaviour index. Numerical solution of the trans- 
formed boundary-layer equations has been carried out for the case of a flat plate with uniform wall 
temperature, for different flow behaviour indices and different values of the controlling parameter. The 
results of heat transfer, shear stress, velocity and temperature profiles as functions of Row behaviour 
index and the controlling parameter at different Prandtl numbers are discussed for opposing and aiding 

flows. 
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NOMENCLATURE 

constant ; 
constant ; 
[2*+ “K/A2 -“p] ; 
specific heat [Btu/lb OF] ; 
gravitational constant [ft/h2] ; 
thermal conductivity [Btu/h ft “F] ; 
parameters in power law model as 
defined in equation ( 1 f ; 
constant ; 
constant; 
modified Grashof number ; 
Nusselt number ; 
modified Prandtl number, = (C,U,px) 

modified Reynolds number, 

’ 
= (pU;-““x”/K); 

temperature [“K J ; 
component of velocity in direction of 
x-axis [ft/s] ; 
component of velocity in direction of 
y-axis [ft/s] ; 
distance in system of Cartesian co- 
ordinates [ft] ; 
distance in system of Cartesian co- 
ordinates [ft]. 

Greek symbols 

BY coefficient of volumetric expansion 
[“K- ‘1; 

% dimensionless coordinate; 

0, dimensionless temperature ratio ; 

P, density [lb/ft3] ; 
z,,,, shear stress [Ib/ft2] ; 
z WP shear stress at wall [lb/ft’]. 

INTRODUCTION 

THE INCREASING use of many non-Newtonian 
fluids in chemical process industries has neces- 
sitated to ~ders~nd their behaviour in many 
transport processes. The prediction of heat- 
transfer rates and shear stress for external flows 
of non-Newtonian fluids, is therefore, of practi- 
cal interest. 

While applying the numerical and analytical 
tools to solve the problems of fluid-dynamics 
and heat transfer for non-Newtonian fluids, a 
number of complications arise due to the non- 
linear relation between the stress tensor and 
deformation strain tensor. There are various 
empirical models suggested in the literature for 
non-Newtonian fluids. If one ignores the effect 
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of normal stresses in the generalized constitutive 
equation [l], for a two dimensional flow, it 
reduces to a power-law model. The power-law 
model of Ostwald-de-Waele characterized by 
the equation 

z xy = (1) 

where n is the flow behaviour index and K is the 
consistency index, is the one which is most 
commonly used and is fully discussed by Reiner 
[2], Fredrickson [3] and Metzner [4]. 

Most research has been concentrated on the 
flow of non-Newtonian fluids in circular and 
non-circular pipes, and channels. The simpler 
classical problems of fluid dynamics and heat 
transfer in pipes have been critically reviewed 
by Metzner [5], and will not be discussed in 
this paper. 

Acrivos et al. [6] have presented the theo- 
retical analysis of flow past an external surface 
of power-law fluids under forced convection. 
They applied similarity variables to the momen- 
tum equations. Local heat-transfer rates were 
estimated, using Lighthill’s approximate for- 
mula, on the assumption that N,, + co, i.e. the 
thermal boundary layer is much thinner than 
the shear layer. Although Prandtl numbers for 
non-Newtonian fluids are higher than one, the 
possibility of solving such equations without 
restriction will likely give more insight into the 
problem especially when different mechanisms 
of heat transfer like forced and free convection 
are coupled. 

By reducing three dimensional boundary- 
layer equations to ordinary differential equa- 
tions, Schowalter [7] has shown that similar 
solutions exist for externals flows (of power-law 
non-Newtonian fluids) over a wedge. 

Ames and Lee [8] have critically reviewed the 
existing important similar solutions available 
in literature, for boundary-layer flows of non- 
Newtonian fluids. They have applied trans- 
formation group method to obtain similarity 
variables and equations for various types of 
flows, e.g. Falkner-Skan flows and Goldstein 

flows. The numerical solutions of the forced 
convection of power-law fluids for a right-angle 
wedge with an isothermal surface have been 
presented. They solved the non-linear differ- 
ential equations by using continuous analytic 
continuation method, with a built-in iterative 
procedure. 

Acrivos [9] analyzed the problem of natural 
convection heat transfer to power-law fluids 
for different geometrical configurations. For a 
large Prandtl number (NPl, > 10) he proposed 
that local heat-transfer coefftcient can be cal- 
culated from 

1 n 

N,, = C. NW 2@+ 1) Nf$+ 1) 

where C = 055. This correlation 
varified by Tien et al. [ 151 using 0.5 
cent carbopol solutions. 

(2) 

was later 
and 1 per 

Na and Hansen [lo] have reported that the 
similarity solutions of the laminar natural 
convection flow of non-Newtonian fluids are 
possible by applying group theoretic methods. 
Hence, the limitations on the power-law model 
representing the boundary-layer flow under 
natural convection conditions pointed out by 
Acrivos [9] have been removed by applying two 
distinct classes of transformations, namely a 
linear group of transformations and a spiral 
group. 

Berkowski [l l] has considered the trans- 
formation of the boundary-layer equations in 
general for pseudoplastic and dilatant fluids. 
However, rigorous solutions and the implica- 
tions of various dimensionless groups en- 
countered for different problems have not been 
analyzed. Finally, Acrivos [12] has critically 
reviewed the state of knowledge for the com- 
bined effect of forced and free convection heat 
transfer for Newtonian fluid under laminar 
boundary-layer flows. He has established that 
there exist two different controlling parameters ; 
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(ii) N:, for Np, + 0. 
P 2/u -My+ 2/v -fo[/3g( 77, _ T,)] 

NG,r = K2/2-It 

Results of shear stress and heat transfer have 
been presented for stagnation flow under two Np,, = C,U,PX 

asymptotic conditions. 
k(NR,,)2/(1 +“) 

In the present work, an analysis of laminar 
boundary-layer equations for non-Newtonian Y uz,-“px” i/(n+ 1) 

fluids under the influence of both forced and ‘=2x K 
free convection is made. A numerical technique 

[ 1 
has been developed in solving these coupled 
non-linear differential equations. The inter- 

u = %f’(q) 

actions of the two convective mechanisms will 
then be analyzed in detail for the case of a flat 
plate at different Prandtl numbers. Furthermore, 

n = CAx2PlUH+ l/f,+ lx- 1 

their combined effects on the drag coefficients 
and heat-transfer rates will be discussed. 

For two-dimensional flows 

au au 
u-&+v-=um 

dU Ka au" 

ay 
-$' + g&T - T,) + -- - 

0 P ay ay 
equation ofmotion (3) 

at4 av 
+ - = 0 

aX ay 
equation of continuity (4) 

aT aT k a2T 

uax+vay=c,payz equation of energy (5) 

with the boundary conditions After the transformations, the dimensionless 

y = 0, u = 0, T = T, 
form of boundary-layer equations, hence, will be 

Y-,=)3 u + U,, T+ T,. nj-"'(f")"-' + 4n~(2~“- ‘) &- 4(22”- ‘) 

Let the free stream velocity and temperatures be 
connected by - m(22”-l )(Y2) + 8” 

U, = Ax"; T, - T, = Rx"' (6) 
(7) 

where U, and T, are free stream velocity and and 
temperature respectively, T, is the surface 
temperature, and A, B and n’ are constants. 0” + N,., 2 f0 c 2mn - m_ + ’ - 2n’j-‘o 1 = () (8) 
The following dimensionless groups are then *” L ” n+l 

introduced with boundary conditions : 

J 

e = 1, 

f’ + 2, 8 -+ 0. 
PUm 

2-lyl tl = 0, f = 0, f' = 0, 
N Ret = K tl+ a, 
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For Newtonian fluids, these equations reduce P + 0 and P + 00, for two asymptotic condi- 
to the equations proposed by Sparrow et al. tions Np,, + 0 and Np,, -+ co, can be obtained 
[13] except the restriction n’ = 2m - 1 in their by solving (7) and (8) for various P and Prandtl 
paper has been removed. numbers. 

It can be found by inspection that for 0 < n 
< 2, the increase in U, corresponds to an 
increase in the value of Reynolds number. With 
n = 0 and n = 2, the value of Reynolds number 
does not depend on n and U, respectively, 
while n > 2, increase of U, corresponds to a 
decrease of Reynolds number. The controlling 
parameter, P, is defined as NG,,JNj$.? -“, corres- 
ponding to NG,,/N& for Newtonian fluids. This 
parameter P characterizes the effect of forced 
and free convection in non-Newtonian bound- 
ary-layer flows, P decreases in the range 
0 < n < 2, since Reynolds number is increased, 
with an increase of U,. Therefore under 
sufficiently lower values of P, the effect of 
forced convection is predominant whereas at 
higher values of P, in the range 0 < II < 2, the 
effect of free convection is predominant. These 
equations (7) and (8) become uncoupled when 
n = 2, since the value of P will be negligible. 
When n > 2, the boundary-layer flows are not 
of practical interest and do not represent the 
asymptotic state of laminar motion, which is 
obtained as U, is made sufficiently large. The 
parameter P will be positive for aiding flows 
and negative for opposing flows. 

For lower values of Prandtl number the 
equations (7) and (8) are solved very easily by 
using the conventional Runge-Kutta method 
with extended stability described by Lawson 
[14]. A built-in iterative scheme facilities to 
make the solution to be convergent in fewer 
number of iterations and also to arrive at the 
correct initial values of f” and 8’. In all the cases 
the convergence can be noted by inspecting 
that 0 -+ 0, f’ + 2, f” -+ 0 as tl -+ co. The 
equation (7) can be written as (for a flat plate 
with constant wall temperature) 

61-i 

jexp {-2Np,, /-&dn} dg (“) 

0 0 

For a given geometry the important para- 
meters in the system of equations (7) and (8) are 
two dimensionless groups NG,,/N$?-“) and 
Nr,,. The expressions for shear stress and Nusselt 
number can be written as 

As we see from equation (1 l), the values of 
e’(O) depend on f”(0) and N,,. For lower 
values of NPr,, one can choose a large value of q 
and readily get a convergent solution. However, 
at higher values of N,,, although the convergent 
values can be obtained using the same step size 
as for a smaller NP,,, the convergent values were 
not stable. Hence, smaller step size even as much 
as thirty-two times less than the step size used 
for smaller N,,. was used, in order to get stable 
convergent values at higher Np,,. They agree 
very well with those reported for Newtonian 
fluid boundary-layer solutions under forced 
convection [16]. 

The functions fi and fi are determined only by 
solving the equations (7) and (8). When the para- 
meter P approaches zero or infinity the equations 
reduce to corresponding forced and free con- 
vection, respectively. The form of expression 
for fi and fi under two limiting conditions 

Solutions have been carried out for the values 
of controlling parameter ranging from @l to 5 
and NpJ ranging from 07 to 1000, for a flat plate 
with uniform wall temperature for aiding flows. 
For opposing flows P varies from 0.1 to 0.3. The 
numerical values of f”(O) and Q’(O) are tabulated 
for different flow behaviour index and different 
P at different Prandtl numbers. 
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The local rate of heat transfer is calculated 
using 

q=-k f!? y=O 0 ay 
i.e. 

NN~ 
p= - +3’(O) 

and shear stress is calculated using 

c, = z, q2 

12) 

13) 

(14) 

i.e. 

N;,P+l) = C, = 1/22”-‘[f”(0)]“. (15) 

These expressions are the same as those of 
Sparrow et al. [12] for Newtonian fluids. 

RESULTS AND DISCUSSION 

The solutions of equations (7) and (8) are 
included in Table 1. The numbers appearing 
there have been rounded and they do not 
represent the eight figures actually used in 
order to satisfy the boundary conditions for 
large q. 

The values off,f’,f”, 6,8’, as a function of n, 
are available upon request. 

In Figs. 14, some typical velocity and 
temperature profiles with different values of n, 
and P, at various Prandtl numbers are plotted. 
When n = 1, the velocity and temperature 
profiles correspond to Newtonian fluid. It can 
be observed from these figures that the flow 
behaviour index has a very significant effect. 
The thermal boundary layer will be thinner 
for a pseudoplastic fluid than the corresponding 
thermal boundary layer for Newtonian and 
dilatant fluids. This observation is true at 
lower values of Prandtl numbers and when 
forced convection effect is predominant. How- 
ever, when free convection effect is important 
and Prandtl number is high, reverse behaviour 
is observed. Hence, the behaviour of non- 
Newtonian boundary layer under mixed flow 
conditions will be different from de corre- 

sponding pure flow conditions, at different 
Prandtl numbers. 

The velocity profile for a Newtonian fluid 
will be much steeper than the corresponding 
velocity profile for pseudoplastic and dilatant 
fluids at low Prandtl numbers and when the 
effect of forced convection is predominant. But 
under the same conditions, at higher Prandtl 
numbers, the velocity profile for a pseudoplastic 
is much steeper. Similar conclusion holds when 
the effect of free convection is important. 

In Figs. 5-8 the results of shear stress and heat 
transfer are plotted for different flow behaviour 
index n and the controlling parameter P, at 
different Prandtl numbers, for aiding flows. It 
is apparent from these figures that the drag 
coefficient is higher for pseudoplastic fluid than 
that of dilatant fluid, when the effect of forced 
convection is important (i.e. at lower values of P). 
At higher values of P, when natural convection is 
dominating, the reverse is true. 

The effect of Prandtl numbers and flow 
behaviour index on the shear stress can be 
observed from Figs. 9 and 10. It can be observed 
that as Prandtl numbers increase, the drag 
coefficients decrease but they increase with the 
flow behaviour index, attaining a maximum 
value when n = 1.5. The local heat-transfer 
rates are higher for pseudoplastic fluid than 
those of Newtonian and dilatant fluids. 

From Figs. 5-8 it can be observed that the 
local rates of heat transfer are increased at 
higher Prandtl numbers and influenced by 
non-Newtonian behaviour. The theoretical 
analysis of the effect of natural convection on 
non-Newtonian laminar boundary layer has 
been presented by Acrivos [9] as 

NNu = C[@;%“+ ‘)I] [N”d!?“+ “1 

where C = 0.55. 
for N,,, > 10 (16) 

When n = 1 this equation reduces to the 
correlation [ 141 of free convection 

NNU = CCNtGrl I%1 (17) 

for Newtonian fluids. Furthermore, recent 
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Table 1. Results of sheur stress and heat transfir Table 1 .--continued 
- 

n P f” to) Cf -o’(O) 

0.2 

0.4 

0,6 

1.0 

1.5 

0.2 

0.4 

0.6 

1.0 

1.5 

0.2 

0.4 

5.0 131.9788 4.024 1.9508 
1.0 16.5759 2.658 1.2641 
0.1 3.0833 1.889 0.9471 

-@l 1.0239 1.523 0.7949 
-0.175 0.5025 1,318 07233 
- 0.25 0.1437 1.027 0.6273 
-0.3 0.0235 0.7115 05435 

5.0 43.93 16 5.216 15894 
1.0 Ml387 2,715 1.0866 
@1778 2.5766 1.676 0.8496 
0.1 2.1267 1557 0.8242 

5.0 
l-0 
0.1 

5.0 
1 ,o 
0.45 
0.1 
0.045 

5.0 
05 
0.1 

-0.10 
-0.13 
-0.15 
-0.175 

5.0 
05 
0.1 

-0.1 
-0.1 1 
-@I2 

5.0 
0‘1 

5.0 
0.1 

5.0 
01 

5.0 
0.1 

5.0 
0.1 

5,O 
0.1 

5.0 
0.1 

267094 6.248 1.4362 
64899 2.674 09933 
1.8759 1,270 07632 

19.4630 6931 1.3161 
5.6867 2,650 0~9415 
3.4960 1.797 0.8378 
1.8107 1.060 0.7270 
1.5518 0.7449 07069 

15.6 7.8 l-22 
3.5371 1.7685 0.8177 
1.8458 0.9299 0.7072 
0.7105 0.3553 ofjO2 1 
0.4831 02416 0.5749 
0.3069 0.1535 05513 
0.1764 0.0882 0,5059 

110447 
3*4189 
2.0236 
0.5775 
0.4126 
0.1545 
6.3644 
2.2595 

6.0340 
1.8175 

6.5733 
1.7204 

9.9692 
16087 

28.1498 
16509 

NPl, = 100 

4-723 1 
2-1658 

4.3328 
1.7861 

9,173 1.0702 
1.650 07705 
0.7194 06484 
01097 0,5600 
0.0662 0.5456 
0.0152 0.5354 
2.195 2.6735 
1.784 2.0387 

3,356 2.4712 
1.478 1.8177 

2.695 2~3997 
I.205 1.6838 

4.9846 2,455 1 
08043 I.5148 

37.33 2.8264 
0.5240 1~3900 

2,067 53075 
1.769 4,363 1 

2.065 4.8576 
1,445 3.8830 

N,,, = 1.00 

n P 

0.6 

I.0 

1.5 

0.2 

0.4 

0.6 

1.0 

1,5 

5.0 
0.1 

5.0 
0.1 

5.0 
0.1 

5.0 
0.1 

50 
0.1 

5.0 
0.1 

5.0 
0.1 

5.0 
0.1 

f” (0) cr 
N,,, = 10.0 

45353 2,157 
I.6188 I.161 

6.1917 3Q958 
1.4671 0.7335 

148332 14.29 
1.3820 0.4055 

N,,, = IO00 

3.6090 1.956 
2.1178 lf300 

3~20% 1.830 
1.7390 1,432 

3.2211 1,756 
1.5666 1.140 

3.9270 1.9634 
1.3962 0.6980 

7.4083 5041 
I.3471 Q3909 

-W(O) 

4.6648 
35888 

4.6506 
3.2095 

5.3206 
2.8932 

IO.6286 
9.3583 

9.6366 
8.3204 

9.1437 
7.6805 

X.8242 
6.8462 

9.5136 
6.2516 

calculations of Schuh [ 171 and Pohlhausen [ 16] 
indicate the dependence of C on IV,,. In order 
to compare the results of present investigations 
with those of Schuh [17] and Pohlhausen [16], 
Table 2 has been prepared. 

From Table 2 one can observe that the trend 
of the results reported by Schuh [17] namely 
that C depends on IV,,, for pure natural con- 
vection, is also true for mixed flow conditions. 
But the values of C at P = 5.0 are lower than the 
values reported by Schuh [17]. This difference 
indicates that the effect of forced convection is 
still important at P = 5.0. Therefore in mixed 
flow, the value of C depends on the parameter 
P and Nw, a point which has been very well 
established for Newtonian fluids by Acrivos [9], 
who claims that different parameters namely P 
and P/iv& control the flow regime as I?,, -+ 0 
and Np,# -_) co, respectively. For non-Newtonian 
fluids the theoretical analysis of Acrivos [S] on 
the effect of natural convection on laminar 
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FIG. 1. Representative velocity and temperature profiles. 
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FIG. 2. Representative velocity and temperature profiles. 
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FIG. 3. Representative velocity and temperature profiles 
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FIG. 5. Plot of shear stress and heat-transfer results. 

FIG. 6. Plot of shear stress and heat-transfer results. 
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FIG. 7. Plot of shear stress and heat-transfer results. 
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FIG. 8. Plot of shear stress and heat-transfer results. 
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FIG. 9. Plot of shear stress and heat-transfer results vs. flow 
behaviour index. 
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FIG. 10. Plot of shear stress results vs. flow behaviour index 
to show the effect of N,,. 

boundary layer and also the experimental work 
of Tien et al. [15], have not considered the 
dependence of C on IV,,.. But in the present 
analysis it has been noted that at P = 5.0, 
n = @6, the value of C depends on NPI’ also. 
Hence one can conclude that for pure natural 
convection, the value of C depends on N,,. for 
non-Newtonian fluids. 

In the present analysis, the behaviour of 
boundary layer at higher values of P, will 
approximate to the boundary-layer behaviour 
under the influence of pure natural convection. 
With this view in mind, Table 3 has been pre- 
pared for comparison. 

From Table 3 one can observe that the local 
rates of heat transfer for mixed flow at P = 5-O 
are correspondingly lower than the asymptotic 
values for natural convection, indicating that the 
effect of forced convection is still important. 
Higher values of controlling parameter P are 
needed to reach the asymptotic heat-transfer 
rates of natural convection. This observation 
agrees well with the result of Acrivos and others, 
critically reviewed by Acrivos [12], that forced 
convection will have negligible influence only 
when P > 100. 

For non-Newtonian fluids, the similar 
observations are true and heat-transfer rates are 
higher for pseudoplastic than for Newtonian 
fluid. The difference in the local rates of heat 
transfer in mixed and pure flows appears to 
diminish for Newtonian and non-Newtonian 
fluids at higher Prandtl numbers, indicating 
that the pure flow criterion will be applicable 
at relatively lower values of P, for higher Prandtl 
numbers. 

With a view to analyzing the importance of 
forced convection effects, in mixed flows, Table 4 
has been prepared. 

It can be found from Table 4 that at very low 
values of P, the local heat-transfer rates agree 
quite well with the forced convection asymptotic 
values, for Newtonian fluids [16], indicating 
that the effect of forced convection is dominant 
at P = 0.1. 

For non-Newtonian fluids, the local heat- 
transfer rates are higher than the corresponding 
values for Newtonian fluids. The calculated 
values from the asymptotic formula proposed 
by Acrivos et al. [6] are also included for com- 
parison. They are much higher than the cor- 
responding asymptotic values for Newtonian 
fluids and the values obtained in the present 
investigation. This deviation throws considerable 
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Table 2. Values of C from equations (16) and (17) 

Newtonian fluid Non-Newtonian fluid 
____.. 

NP,, Schuh [ 171 and present results present results Acrivos [S] 
Pohlhausen [16] P - 5.0 P=5.0,n=0.6 P=mr,n=0.6 

~___ 

1000 0.653 0.5243- 0.5144 0.55 
100 0.652 0.4916 0.4294 0.55 
10 0.612 0.4616 0.4620 0.55 
I.0 0.4072 
0.7 0.517 0.4047 

Table 3. N,,,lN~f”+” = f$‘(O) 

Newtonian fluid Non-Newtonian fluid 

N PW present results 
asymptotic 

present results 
asymptotic 

P = 5.0 
value [ 161 

P = 5.0 
value [S] 

P = -,. P = ‘X’ 

1000 4.444 1 4.626 4.5718 4.887 
100 2,325 2,601 2.33 2,984 
10 1.2275 1,463 1.20 1,309 
I.0 0.61 0.8223 0.72 0,111 

N 
Table 4. -z = N;pidn+ 11 -+&W(O) 

Newtonian fluid Non-Newtonian fluid 
n=l n = 0.6 

N PI, P = 0.1 asymptotic p = o,I asymptotic 
value [17] value [6] 

P=O P=O 

lOOIl 3.423 3.39 3.84 8.92 
100 1.60 1,573 1.794 2.8225 
10 0.75 @75 0.84 0.89 
1 0.35 034 

doubt on the validity of the assumptions made 
by Acrivos et al. [6]. 

Acrivos [lo] has also proposed an approxi- 
mate formula to calculate the local Nusselt 
number for mixed flow at higher Prandtl 
numbers, for Newtonian fluid, as 

Ni~u g (N;,, + N&,)* (18) 

where 0 and xz refer to forced and free convec- 
tion asymptotes. Table 5 has been prepared to 
compare the values of present investigation 
with approximate formula, which does not 
account for the parameters P and N,,. 

Table 5. -f 0’ (0) 

Newtonian fluid 

NPd pure forced pure free approximate present results 
convection [ 171 convection [16] formula [lo] P = @l P = 5.0 

1000 3.39 4.626 5,075 3,423 444 
100 1.573 2.601 2.692 1.60 2.33 
10 0.75 1.463 1.6 0.75 I.23 
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It can be found from Table 5 that the approxi- CONCLUSIONS 

mate formula predicts higher values. The trend 1. The combined effect of free and forced 
of the results is in agreement with the expected convection on non-Newtonian laminar 
trend reported by Acrivos [lo]. boundary layer can be satisfactorily charac- 

The velocity and temperature profiles have terized by the dimensionless group 
been plotted for opposing flows in Fig. 11. It can 
be observed that velocity profiles for Newtonian P = No,,/N;$++ 

- 0.50 

OPPOSING FLOW 
025 

P= -0.10 
-0.25 

I I I I I I I I I I I I 0.0 
0.0 I.0 20 30 40 5.0 60 70 

FIG. 11. Representative velocity and temperature profiles. 

and dilatant fluids are much steeper than for 
pseudoplastic fluid. The thermal boundary 
layer for pseudoplastic fluid is much thinner 
than the corresponding ones for Newtonian and 
dilatant fluids. 

The results of heat transfer and shear stress 
have been plotted in Fig. 12. It can be found that 
the phenomenon of zero shear at the surface 
will occur for a dilatant at a lower value of P, 
than for Newtonian and pseudoplastic fluids 
indicating the tremendous influence of non- 
Newtonian behaviour in the opposing flow. 
For lower values of P, the friction coefficient and 
heat-transfer rates continuously decrease with 
the flow behaviour index. The variation of 
friction coefficient with P is very abrupt in the 
case of Newtonian and dilatant fluids whereas 
for pseudoplastics, it is quite gradual. 

2.c 
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FIG. 12. Plot of shear stress and heat-transfer results, 
opposing flow. 



868 V. G. KUBAIR and D. C. T. PEI 

Based on the two asymptotic formulae in 
pure flows, it can be found that the effect of 
free convection is negligible for P < 01 and 

7, 

the effect of forced convection is apparent 
even at 50 for Newtonian fluids. At higher 8. 
Prandtl numbers the effect of free convection 9, 
may be predominant at somewhat lower 
values of P both for Newtonian and non- 
Newtonian fluids. 

10. 

For opposing flows, the phenomenon of 
zero shear is strongly ‘influenced by non- 
Newtonian behaviour. 

Il. 
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R&sum&-On prtsente une analyse theorique pour le transport de chaleur par convection laminaire avec 
combinaison de convection naturelle et for&e avec des fluides non-newtoniens. Le parametre gouvernant 
la convection naturelle et for&e est Nc,,/N$-“, ou n est l’indice de comportement de l’ecoulement. La 
resolution numerique des tquations transform&es de la couche limite a et6 effect&s dans le cas d’une 
plaque plane avec une temperature .pari&de uniforme, pour diffkrents indices de comportement de 
I’ecoulement et diffkrentes valeurs du parametre qui gouveme le phhombne. Les rtsultats du transport de 
chaleur, de la contrainte de cisaillement, des protils de vitesse et de tem@rature sont discutts en fonction 
de l’indice de comportement de l’ecoulement pour les Qoulements en opposition ou dans le meme sens 

que la convection naturelle. 

Zu.sammenfassumz-Es wird eine theoretische Analyse gegeben ftir den Warmetibergang an Nicht- 
Newtonsche Fltiisigkeiten in kombinierter freier und erzwungener Aussenstromung. Als anzeigender 
Parameter ftir die freie und erzwungene Konvektion ergab sich Ne,,/Ni$” mit n als Index fur das 
Striimungsverhalten. Die Lijsung der transformierten Grenzschichtgleichungen wurde numerisch fur 
die ebenk Platte mit gleichfirmiger Wandtemperatur durchgeftihrt mit verschiedenen Indices ftir das 
Striimungsverhalten und fur unterschiedliche Werte der kennzeichnenden Parameter. Die Ergebnisse 
des Warmeiibergangs, der Schubspannung, der Geschwmdigkeitsund Temperaturprotile als Funktionen 
des Index des Stromungsverhaltens und der kennzeichnenden Parameter bei verschikdenen Prandtl- 

Zahlen, werden ftir gegenllutige und gleichlaufende Strijmung diskutiert. 
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AaHOTaqm+~pe~CT~BJfeHTeopeTM'4ecKHti aHam nepeftoca Tenna npkf COBMeCTHOlCt CBO60& 

HO&M BMHy?K&eHHOt JXaMMHapHO2i KOHBeKQHIiB HefibfOTOHOBCKIIX ?fi(MRKOCTffX AJrR BHeUfHeti 

3a~~~~.~CTaHOB~eHO,~TOCB060~H~RPBMH~~~eHH~HKOHBeK!~HFI3aBIICRTOTX~paKTep~CTa- 

YecKoro napaMeTpa N,t,/N$?-“, rze n - XapaKTep~cT~fKaTe~eK~~. IlposeAeff Yffc~eKK~~ 

paWeT npeo6pa3onaHHhfx YpaBHeHHlt IlO~paIIlfWlO~O WEOff Z.Wl C.'IyWfi IUfOCKOti HMaOTepnfa- 

secKol nnacTkIHbf i(nif pa3mwHbfx xapaKTepfrcTfIK T~wH~IH II paanwfabfx affaqeiiffti 

XapatcTepKcTsYeCfiOrO NqIaMeTpa. nOJfyqeHHbIe pe3ynTaTbl fro 3aI1fICIiMOCTH TenJIOO6MeHa, 

HaIIpRineHffti C;lBfWa IlOJIet CKOpOCTIf kf Te3fnt'paT~pbI OT xapLIliTeplfCTMKJ1 Te'leHHH II 

xapat~Tep~fcTfIqe~Kor0 napameTpa 0FcyHc~atoTcff AJIR pa:UfffYHLSx Yffcen flpaKfiTTntf gnff 

r.yfaen, frorxa c~o~~~Ka~ $1 f~~K~~~ef[ffa~ I~oH~eKI~if~ meioT oxfro IianpaK~ef~~e II rrpo- 


